We analyze the crystal and electronic structures of Tl-based strong topological insulators TlSbTe 2 , TlSbSe 2 , TlBiTe 2 , and TlBiSe 2 by using first-principles calculation results. The topological nature of these materials is characterized by a single Dirac cone at the point. Aside from the latter robust surface state (SS), we find trivial SSs at (around) the Fermi level for large momenta as well as deep trivial SSs at (around) . The calculated energy cuts show an isotropic shape of the Dirac cone and a simple spin structure of the cone. The strong dependence of electronic structure on both optimization of the chalcogenide atom position in bulk and surface relaxations, as well as the slow convergence of the Dirac cone with respect to the film thickness, are discussed. The situation in the thallides is contrasted with results for isostructural indium compounds InBiTe 2 and InSbTe 2 , the latter not being topological insulators.
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I. INTRODUCTION
Three-dimensional topological insulators are narrow-gap semiconductors that are characterized by an inverted energy gap at some symmetry points of the bulk Brillouin zone (BZ) due to strong spin-orbit interaction. [1] [2] [3] An important consequence of the topological nature of these semiconductors is a surface state (SS) that makes the semiconductor surface conducting. [1] [2] [3] [4] This surface state shows linear dispersion, forming a Dirac cone with a crossing (Dirac) point at (around) the Fermi level (E F ). [1] [2] [3] [4] In contrast to the Dirac cone in graphene, this topological SS, being spin-orbit split, carries only a single electron per momentum with a spin that changes its direction consistently with a change of momentum. The topological origin of the SS protects the Dirac cone from surface perturbations, 1 and even under such a strong perturbation as removing of the surface Te (Se) atomic layer of tellurium (selenium) chalcogenides, this surface state survives. 5 The unique surface properties of topological insulators make these materials important for many potential applications, in particular, in spintronics and quantum computing.
Recently, it was shown both experimentally [6] [7] [8] [9] and theoretically 4, 5, [10] [11] [12] that binary layered semiconductor compounds Bi 2 Te 3 , Bi 2 Se 3 , and Sb 2 Te 3 are three-dimensional (3D) strong topological insulators with the topological SS mostly located in the first five-layer block (quintuple layer) adjacent to the vacuum side. 5, 12 Very recently, it was also shown that some layered ternary compounds with tetradymitelike crystal structure such as PbBi 4 In this paper, we present detailed ab initio calculation results for this family of topological insulators, namely, narrow-gap Tl-based ternary compounds TlBiTe 2 , TlBiSe 2 , TlSbTe 2 , and TlSbSe 2 . In contrast to the aforementioned A 2 B 3 compounds, where A is one of Bi or Sb and B can be a chalcogenide such as Te or Se, the TlAB 2 compounds are not characterized by a layerlike structure and the three-dimensional bonding leads to distinctly different properties of the surface states arising in these materials. While the surface electronic structure of the layered A 2 B 3 semiconductors is quite insensitive to surface structural modifications (relaxations), 5 the surface electronic states of the Tl-based compounds show a remarkable sensitivity to surface relaxations, different terminations, etc. We find that deeply penetrating surface states and the depth of penetration varies with the energy position of these states in the bulk-projected band gap. In the A 2 B 3 compounds, the preferred cleavage plane is in-between two weakly (van der Waals) bonded quintuple layers, while in the TlAB 2 family, the surface formation leads to breaking of chemical bonds. Consequently, the formation of additional surface states can be expected that complicate the simple "single Dirac-cone picture" found in the systems with van der Waals-bonded layers. Other properties, such as superconductivity, 24 arise in this family of compounds, which makes them potentially interesting to study the interplay with the properties introduced by the topological nontriviality. Recent angle-resolved photoemission studies [20] [21] [22] [23] allow a comparison of the calculated surface band structure with experimental results.
To illustrate the complex character of the Tl-based semiconductor surfaces, we also present ab initio calculation results for indium-based compounds InBiTe 2 and InSbTe 2 , which crystallize in the TlBiTe 2 -like crystal structure. In contrast to the thallides, the In-based compounds are not topological insulators. For example, InBiTe 2 shows similar surface electronic states except for the Dirac-cone feature, demonstrating that InBiTe 2 is a topologically trivial material.
II. CALCULATION METHODS
The structural optimization and electronic structure calculations were performed within the density-functional formalism implemented in VASP. 25, 26 In this plane-wave approach, the interaction between the ion cores and valence electrons was described by the projector augmented-wave method. 27, 28 To describe the exchange-correlation energy, we used the generalized gradient approximation (GGA). 29 The Hamiltonian contained the scalar relativistic corrections and the spin-orbit coupling was taken into account by the second variation method. 30 We checked the effect of including d electrons of Tl and Bi(Sb) in valence electrons in bulk calculations and found it negligible in the vicinity of the gap. So, in the presented calculation results, the d electrons were considered as core electrons.
Complementary calculations were performed using the fullpotential linearized augmented plane-wave method in thin-film geometry 31, 32 as implemented in the FLEUR code. 33 Spin-orbit coupling was included in the self-consistent calculations as described in Ref. 34 . The semicore d states of Tl and In were included as local orbitals in the valence window in this case. We compared the results of the structural relaxation for some bulk cases with those obtained from the VASP calculations and found very good agreement between the two sets of data. Therefore, we show all the results obtained with relaxations provided by the latter technique.
The film calculations presented in this work were performed using symmetric setups, so the upper and lower surfaces are identical. In these cases, deviations from the ideal stoichiometry occur, so the position of the Fermi level depends on the termination and film thickness. Therefore, we adjusted the bands of the film calculations to the projected bulk band structure and obtained the Fermi level from the latter to simulate a surface of a semi-infinite crystal.
III. RESULTS AND DISCUSSION

A. Bulk properties
The crystal structure of the thallides, TlAB 2 , can be viewed as a sequence of hexagonally close-packed layers where the elements follow the order Tl-B-A-B-Tl-B-A-B-. . . (see Fig. 1 ). The hexagonal unit cell characterized by lattice parameters a and c consists of 12 atomic layers that would be separated by equal distances c/12 if the internal parameter u of the B atom is equal to 1/4. In the case u < 1/4, the ideal layer spacing of c/12 between the A and B planes is reduced by c(0.25 − u) and enlarged by the same amount between Tl and B. The total-energy-optimized lattice and internal parameters are given in Table I . Our lattice parameters are, on average, 0.9% larger than those given by Hoang and Mahanti, 35 which are close to the experimental values. The internal parameters are not given in Ref. 35 . However, we can compare u with experimental data 36 for the tellurides and find a systematically smaller theoretical u by 1.4%. Also, in a recent calculation, 19 a value of z Te = 0.21Å, which corresponds to u = 0.241, was found for TlSbTe 2 , that is, slightly smaller than the experimental value of u = 0.243. In this publication and a recent work, 21 the importance of optimization of the u parameter for the bulk band structure and topological properties was realized.
As it can be seen from the charge density in Fig. 1 (right), the short A-B interlayer distance results from strong covalent bonding between these planes. Although the Tl-B bond is weaker, it is still in the characteristic range of chemical bonding and can not be compared to the van der Waals-bonded quintuple layers of the Bi 2 Te 3 -type compounds. Nevertheless, it is reasonable to assume a . . .-Tl-B 3 -A-B 1 , i.e., B 1 termination of the hexagonal (0001) surface. 18 We will use this termination for our calculations, for TlBiSe 2 ; however, we will also compare the calculated surface electronic structure to that for other types of terminations.
The primitive unit cell, which contains only one formula unit, is a rhombohedral one and is characterized by a lattice parameter a rh and an angle α:
The band structures shown in Fig. 2 are drawn in the reciprocal space of this unit cell. The line − Z corresponds to the hexagonal axis and projects electronic bands onto the center TABLE I. Optimized lattice (a and c) and internal (u) parameters of the selected thallides in hexagonal setup. The distances between the Tl-B and A-B layers can be evaluated as c(1/3 − u) and c(u − 1/6), respectively. of the Brillouin zone (¯ point) of a hexagonal (0001) [rhombohedral (111)] surface. The time-reversal invariant momenta (TRIMs) in this Brillouin zone are the , Z (sometimes called T ) points and triply degenerate F and L points. As can be seen from Fig. 2 , small direct energy gaps exist at the and F points for all the compounds of interest; therefore, the band inversion due to spin-orbit interaction can be expected at these points only. We checked the parity of the wave functions at all TRIMs to determine the topological character of these bulk materials. 1 In agreement with previous calculations, 17, 18 where, specifically, the band inversion at was investigated, we confirm that all four compounds are topological insulators.
Comparing the two computational methods, VASP and FLEUR, we find good agreement, especially in the case of the tellurides. The slightly larger deviation of the results for the selenides might be caused by the chosen Se pseudopotential.
Comparison to other calculations 17, 35 shows good agreement, e.g., the smaller band gaps of the tellurides and the indirect gap of TlBiTe 2 are confirmed by our calculations. However, the bulk projection disagrees with that in Ref. 19 in some important detail, which is due to differences in the bulk crystal structure (especially to ideal u = 1/4 used in Ref. 19 ). Again, we notice the strong sensitivity of the electronic structure on structural details in these compounds.
B. Surface properties
Surface relaxation
As will be shown below, the surface relaxation is very important for a correct description of the surface band structure in these compounds. From Table II , it can be seen that the surface relaxation has an oscillatory character, starting with a contraction of the first interlayer spacing. This is a typical effect resulting from the lower coordination of the surface layer and known from many metallic and semimetallic systems such as Bi. 37 In contrast to metals, in the TlAB 2 compounds, the relaxation displacements decay slowly into the bulk, which is closely related to deep penetration of the charge density of the Dirac surface state. In our calculations, the relaxation for the 12 outermost atomic layers is taken into account. The deeper layers were fixed at their bulk positions.
TlSbTe 2
Figures 3(a) and 3(b) show the electronic structure of the Te-terminated 39-layer TlSbTe 2 (0001) slab as calculated by both FLEUR (a) and VASP (b). As one can see, at the¯ point, both methods give surface states at the conduction-band minimum (CBM) and valence-band maximum (VBM), which resemble a Dirac-type crossing at¯ , but a quite big band splitting (≈ 50-60 meV) is obtained. In addition to this split Dirac state, other spin-split surface states arise, which propagate in the projected bulk gap around the Fermi level and in the symmetry gap at about −0.7 eV at¯ . In the latter case, these states are more localized in vacuum as compared to the states that cross the Fermi level in the vicinity of the zone center.
The splitting of the Dirac state is caused by the interaction between opposite surfaces of the slab due to the finite slab thickness. As one can see in Fig. 3(c) , this state penetrates deeply into the bulk and does not completely decay at the center of the 39-ML slab, in contrast to the trivial surface states, which are localized in a few outer atomic layers only. The splitting of the Dirac state can be suppressed by H termination on one of the sides [inset in Fig. 3(a) ] as well as by increasing the slab thickness [ Fig. 3(d) ].
As was mentioned above, the surface relaxation is important to the surface band structure in these materials. As can be realized from the comparison of Figs. 3(d),3(d) , and 3(e), which shows the band structure of the unrelaxed surface, in the relaxed case, the upper trivial surface state disperses downward into the bulk valence bands as it approaches the¯ point. In addition, a Dirac-type state appears from the bulk continuum and disperses upward as it approaches the zone center. These two states are different in localization as can be seen from the size of the symbols in Fig. 3(a) and from charge-density distribution along the z direction shown in Fig. 3(c) . In the unrelaxed case, the Dirac state does not split off the bulk edge but appears as a continuation of the trivial state propagating in the bulk gap. The picture similar to our unrelaxed case was also obtained by Lin et al. (Fig. 3 35 ) were used, an almost unsplit Dirac cone was obtained even for slabs of 23-layer thickness. This shows the strong sensitivity of the surface state on the details of the underlying bulk band structure, which is, in the gap region, sensitively dependent on the chosen lattice parameters.
TlSbSe 2
It is interesting to compare the behavior of the topologically trivial (normal) surface states and the nontrivial Dirac-type state, which connects the valence and conduction bands, in TlSbTe 2 with the related TlSbSe 2 compound. The bulk band structure (Fig. 2) indicates that the gap around¯ at the Fermi level is larger in the Se compound, therefore, a more pronounced Dirac-type behavior (smaller splitting, linear dispersion) can be expected. Indeed, we see in Fig. 4 a well-developed surface state in the zone center that shows a smaller splitting than in the TlSbTe 2 case. Since the bulk projection in the Se compound is concave at the valence-band maximum and convex at the conduction-band minimum (in the Te compound this is the other way round), a rather wide gap region forms near the¯ point. The charge density as shown on the right of Fig. 4 decays slightly faster toward the center of the film and the splitting of the states at the zone center is substantially reduced (21 meV for a 39-layer film).
At energies of about −0.9 eV, we see a Rashba-type spinsplit surface state in the bulk-projected bulk band gap around that is strongly localized in the surface region. Entering the region of projected bulk bands, this state quickly loses its surface character. At larger k values, significant surface character appears in the states that cross the band gap as trivial surface states. A significant spin splitting induced by spinorbit interaction can be observed also in these surface states. In terms of their dispersion and spin splitting, these states show similarities to the surface states of semi-infinite Bi(111) and Bi(001) films. [38] [39] [40] In the Bi case, this state is only halfoccupied, while here we observe full occupation throughout the Brillouin zone. This is not surprising since the surface atom (Se or Te in case of TlSbTe 2 ) has one electron more than Sb that is isoelectronic to Bi. Indeed, we will see below that, in Tl-terminated surfaces, this band is almost unoccupied (Tl has a p 1 configuration, while Sb and Se are p 3 and p 4 , respectively).
TlBiTe 2
Recently, surfaces of TlBiTe 2 and TlBiSe 2 have been studied experimentally with angle-resolved photoemission spectroscopy (ARPES) by Chen et al. 22 In this work, for TlBiTe 2 , a Dirac-type dispersion was observed at the¯ point, with a crossing point about −0.3 eV below the Fermi level. One has to note here that E F depends on the doping of the samples and thus can be varied in some range. The Dirac cone is surrounded by features originating from projected bulk states, which form maxima at −0.2 and −0.3Å −1 in the¯ M and¯ K directions, respectively. Furthermore, we notice that, in the ARPES experiments, no signs of other surface states can be found. 22 Comparing these findings with our calculation results for the Te-terminated surface [Figs. 5(a) and 5(c)], we observe that the features around the¯ point are nicely reproduced, except for a small residual splitting of the Dirac state due to the finite film thickness and the fact that, in our calculation, additional surface states are visible in the gap around E F . From the ARPES data, an intense, V -shaped feature with its minimum in the zone center at −0.7 eV is visible, and it loses intensity at −0.4 eV. In our calculation, this would correspond to the Rashba split surface state in the projected gap at approximately −0.7 eV, which loses surface character when it enters the region of the bulk states.
There are several possible explanations for the absence of the surface states near E F in the ARPES measurements. For example, depending on the energy or polarization of the light, the photoemission intensity for states with a particular symmetry can be reduced or even suppressed. However, since experimentally no additional surface state is observed either in the¯ M and the¯ K directions, at least a full suppression due to symmetry is unlikely. On the other hand, the surface states could be shifted in energy or completely absent due to the presence of adsorbates or a surface reconstruction. More experimental data would be necessary to check these possibilities. We also note that a different surface termination (with Tl or Bi) could be found experimentally. We will come back to that point in the next section.
In Fig. 5(b) , we show the¯ Dirac-state charge-density distribution in the (1120) plane as well as its charge density as a function of the z coordinate (integrated over the x,y coordinates). One can clearly see that this state decays in the bulk significantly faster compared to that on the TlSbSe 2 surface (Fig. 4) and much faster than on TlSbTe 2 [ Fig. 3(c) ]. This closely correlates with the smaller splitting of the Dirac state at¯ .
In Fig. 5(d) , constant-energy cuts (momentum distributions) of the upper Dirac cone are displayed for some selected energies given with respect to the Dirac point. As follows from the figure, the Dirac surface state is isotropic in the (x,y) plane. However, its shape becomes hexagonal for energies around 250 meV where it overlaps with the conduction bulk bands. This agrees well with Ref. 22 , where the first deviation from the circular shape is found at 260 meV above the Dirac point.
TlBiSe 2
More experimental data have been recently obtained for the (0001) surface of TlBiSe 2 .
20-23 A Dirac-type band crossing at is observed 0.4 eV below the Fermi level 20, 21, 23 or 0.3 eV depending on the experiment. 22 About 200 meV above and below the crossing point, the conduction and valence bands can be seen. In the¯ M direction at 0.2Å −1 , a maximum of the projected bulk bands is visible, which form the top of the valence band. 21 This maximum is slightly higher than the valence-band maximum at¯ . In contrast, in the¯ K direction, only a shoulder can be seen near the zone center. Only at higher momenta is a smaller maximum observed in this direction. 22 Xu and co-workers additionally analyzed the spin character of the states forming the Dirac cone, confirming the topological character of these states. Most notably, even when the spectra were taken in the whole momentum range between¯ andK orM, no evidence for additional surface states was found. 21, 22 Comparison of the experimental data with our calculations (Fig. 6) shows that the bulk bands are nicely reproduced. The maxima and minima of the projected bulk regions around thē M point show a gap of 300 meV, in good agreement with the experiment. 21 Also, the features of the projected bulk bands in the¯ K direction are well reproduced. Comparison to calculations with different relaxations of the bulk structure show once more the importance of the structural details for the electronic structure in this family of compounds. 22 At the same time, the DP position with respect to the valence band for the Se-terminated surface [ Fig. 6(a) ] disagrees with the photoemission experiments. In ARPES measurements, [20] [21] [22] [23] it lies in the middle of the gap, while in our calculation, band crossing occurs closer to the valence band, similar to the TlBiTe 2 case.
In Fig. 7 , we show constant-energy cuts through the Dirac cone at energies between 0.09 and 0. 19 obtained data. 23 From these measurements, it can be seen that, above the Dirac point, the spin direction is in plane and precesses clockwise around the¯ point, while below that point, a counterclockwise precession is found. This is clearly confirmed by our calculations (Fig. 7) . Moreover, we notice a small polarization component in the z direction, which results from the in-plane potential gradients arising from the threefold symmetry of the structure. 41 This polarization is energy dependent and is manisfested in the spin-vector deviation from the xy plane: the angle between the spin direction and the plane is equal to 21
• , 39
• , and 32
• for the energy cuts of 90, 140, and 190 meV, respectively.
While the experimentally visible features are well reproduced, as a qualitative difference to our calculation, we notice again the presence of surface states in our band structures. Since we always considered the B-terminated surface of TlAB 2 compounds, all spectra show qualitatively similar surface states. Also, other calculations with B termination find a fully occupied trivial surface state coexisting with the Dirac-type states. 18, 19 Other surface terminations lead to different surface states, as is illustrated in Figs in the Tl-terminated case, very close to the¯ point, and in the Bi-terminated case, they form a spin-split Fermi-surface contour encircling theK point. Thus, the occupation of the surface state follows the nominal valency of the atom at the surface. The Dirac cone at¯ as well as the DP are slightly affected by the surface termination.
The discrepancy between the experimental and calculated spectra can be qualitatively explained within the Tl-Se swap model [ Fig. 6(d) ] in which the Tl and Se atomic layers on the Tl-terminated surface are interchanged, i.e., the . . .-SeBi-Tl-Se surface is constructed. On this surface, most of the trivial surface states lie above E F , close to the conduction band, while the occupied surface states lie well below the Fermi level and the DP is situated 160 meV above the valence band at¯ in agreement with experiment. [20] [21] [22] [23] However, this surface is 56 meV/Å 2 less energetically favorable than the original Tl-terminated surface. Thus, in addition, this situation can not straightforwardly explain the experimentally observed absence of a trivial surface state in the spectrum. More experimental and theoretical work is necessary to resolve the problem of surface termination and structure in these compounds. 
InBiTe 2 and InSbTe 2
In analogy to the thallium-based compounds, we study now the crystals where indium replaces the Tl to form the InAB 2 compound. Experimentally, these compounds are not known and it seems that, in contrast to the (formally) monovalent Tl, the In rather acts as trivalent element: compounds such as In 2 Te 3 are known to crystallize in rhombohedral forms, with one modification very similar to Bi 2 Te 3 . 42 In the InATe 2 (A = Bi, Sb) form, the optimized lattice parameters are a = 4.565Å and c = 22.388Å for the Bi compound, while for InSbTe 2 we get a = 4.438Å and c = 23.371Å. The internal parameter u is 0.250 and 0.244 for the Bi and Sb compounds, respectively.
From the bulk band structures (Fig. 8) , we see that only InBiTe 2 is in the insulating state, while in InSbTe 2 , small hole and electron pockets form along the line LZ and around the F point, respectively. In contrast to the Tl compounds, which are topological insulators, we find from an analysis of the parity of the states at the TRIMs that InBiTe 2 is an ordinary insulator. Comparing the band structure of InBiTe 2 and InSbTe 2 , one realizes, however, that the bands at the F point are inverted with respect to each other. If InSbTe 2 could be deformed in a way such that a band gap opens without changing the ordering of the bands, it would get into a topologically nontrivial state.
To contrast the surface band structures of the thallides with those of the indium-based compounds, we also calculated a Te-terminated 39-layer InBiTe 2 film. Again, strong oscillatory interlayer relaxation of the order of 0.2Å was found (compare Table II ), but decaying more rapidly into the bulk. An inspection of the surface band structure in Fig. 9 shows a prominent surface state in the gap. This state is not connected to the valence bands along the high-symmetry lines, thus showing its topologically trivial character. A strong Rashba-type spin splitting is seen at the¯ point; according to symmetry, these two spin-split bands have to cross once more at theM point, where a small residual splitting indicates the interaction of the surface states at the upper and the lower surface of the film. At the center of the Brillouin zone, the surface state decays quite rapidly into the bulk; the (x,y) integrated charge density can be found at the right of Fig. 9 . 
IV. SUMMARY AND CONCLUSIONS
We investigated the electronic structure of the Tl-based topological insulators TlAB 2 (A = Sb, Bi and B = Se, Te) by density-functional-theory calculations of the bulk and the hexagonally close-packed (0001) surfaces. We have shown that a careful treatment of the structural properties is necessary since the details of the electronic structure (and, sometimes, even its topological properties) depend sensitively on the structure of these compounds. In the surface calculations, in all cases a Dirac cone was found centered at the¯ point. The deep penetration of this state into the bulk made it necessary to employ rather thick films to decouple these states on the upper and lower surface. An incomplete decoupling results in a splitting of the cone, which can mask this hallmark of topological insulators in thin films.
In addition to the Dirac-cone state, other surface states that show a large Rashba-type spin splitting were found on these surfaces. Depending on the surface termination, these surface states are fully or partially occupied. While the position of the bulk states and the Dirac cone compare favorably with recent experiments on TlBiTe 2 (Ref. 22) and TlSbTe 2 , [20] [21] [22] [23] no evidence for other occupied surface states has been found experimentally. Despite this discrepancy, a good agreement between the experimentally observed spin polarization of the Dirac-type state and our calculations was found.
Finally, we contrasted these materials to isostructural InATe 2 compounds (A = Sb, Bi), which do not belong to the class of topological insulators. In the case of InBiTe 2 , just the trivial surface states were found. We hope that this work inspires further research on this interesting material class, both on the theoretical and on the experimental sides, where, e.g., a better characterization of the surfaces and their terminations could help to resolve the last inconsistencies between our calculations and the existing ARPES measurements.
